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Abstrat
We study the properties of time evolution of the K
0
− K¯
0
system
in spetral formulation. Within the onepole model we nd the exat
form of the diagonal matrix elements of the eetive Hamiltonian for this
system. It appears that, ontrary to the LeeOehmeYang (LOY) result,
these exat diagonal matrix elements are dierent if the total system is
CPTinvariant but CPnoninvariant.
1 Introdution
Following the LOY approah, a nonhermitian Hamiltonian H‖ is usually used
to study the properties of the partile-antipartile unstable system [2℄ - [6℄
H‖ ≡M −
i
2
Γ, (1)
where
M =M+ , Γ = Γ+ (2)
are (2× 2) matries ating in a two-dimensional subspae H‖ of the total state
spae H. The M -matrix is alled the mass matrix and Γ is the deay matrix.
Lee, Oehme and Yang derived their approximate eetive Hamiltonian H‖ ≡
HLOY by adapting the one-dimensional Weisskopf-Wigner (WW) method to
the two-dimensional ase orresponding to the neutral kaon system.
Almost all properties of this system an be desribed by solving the Shrödinger-
like equation [2℄ - [5℄
i
∂
∂t
|ψ; t〉‖ = H‖|ψ; t〉‖, (t ≥ t0 > −∞) (3)
∗
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(where we have used h¯ = c = 1) with the initial onditions
‖ |ψ; t = t0〉‖ ‖= 1, |ψ; t0 = 0〉‖ = 0, (4)
for |ψ; t = t0〉‖ belonging to the subspae of states H‖ (H‖ ⊂ H), spanned by,
e.g., orthonormal neutral kaons statesK0 and K¯0. The solutions of Eq. (3) may
be written in a matrix form, whih may be used to dene the time evolution
operator U‖(t) ating in subspae H‖
|ψ; t〉‖ = U‖(t)|ψ; t0 = 0〉‖ ≡ U‖(t)|ψ〉‖, (5)
where
|ψ〉‖ ≡ a1|1〉+ a2|2〉 (6)
and |1〉 denotes partile "1"  in the present ase |K0〉 whereas |2〉 orresponds
to the antipartile state for partile 1: |K¯0〉, 〈j|k〉 = δjk, j, k = 1, 2. It
is usually assumed that the real parts of the diagonal matrix elements of H‖,
namely ℜ(·),
ℜ(hjj) ≡Mjj (j = 1, 2), (7)
where
hjk = 〈j|H‖|k〉 (j, k = 1, 2) (8)
orrespond to the masses of the partile "1" and its antipartile "2" [2℄ - [6℄.
ℑ(·) is the imaginary part of hjj
ℑ(hjj) ≡ Γjj (j = 1, 2) (9)
and Γjj are interpreted as the deay widths of the partiles. Aording to the
standard result of the LOY approah, in a CPT invariant system, i.e. when
ΘHΘ−1 = H, (10)
(where Θ = CPT , H = H+ is the Hamiltonian of the total system under
onsideration)
we have
hLOY11 = h
LOY
22 . (11)
The universal properties of the unstable partile-antipartile subsystem de-
sribed by the H fullling the ondition (10), may be investigated by using the
matrix elements of the exat U‖, instead of the approximate one used in the
LOY theory. The exat U‖ an be written as follows
U‖(t) = PU(t)P, (12)
where
P ≡ |1〉〈1|+ |2〉〈2|, (13)
and U(t) is the exat evolution operator ating in the whole state spae. This
operator is the solution of the Shrödinger equation
i
∂
∂t
U(t)|φ〉 = HU(t)|φ〉, U(0) = I. (14)
2
I is the unit operator in the H spae and |φ〉 ≡ |φ; t0 = 0〉 ∈ H is the initial
state of the system.
In the remaining part of the poster we will be using the following matrix repre-
sentation of the evolution operator
U‖(t) ≡
(
A(t) 0
0 0
)
, (15)
where 0 denotes the zero submatries of the suitable dimension, and the A(t)
is a (2 × 2) matrix ating in H‖
A(t) =
(
A11(t) A12(t)
A21(t) A22(t)
)
, (16)
where
Ajk(t) = 〈j|U‖(t)|k〉 ≡ 〈j|U(t)|k〉 (j, k = 1, 2). (17)
Assuming that the property (10) holds and using the following denitions
Θ|1〉 ≡ e−iθ|2〉, Θ|2〉 ≡ e−iθ|1〉, (18)
it an be shown that
A11(t) = A22(t). (19)
A very important relation between the amplitudes A12(t) and A21(t) follows
from the famous Khaln Theorem [7℄ - [9℄
r(t) ≡ A12(t)
A21(t)
= const ≡ r ⇒ |r| = 1. (20)
General onlusions onerning the properties of the matrix elements of H‖ an
be drawn by analyzing the following identity [4, 11℄
H‖(t) ≡ i
∂A(t)
∂t
[A(t)]−1. (21)
Using Eq. (21) we an easily nd the general formulae for the diagonal
matrix elements hjj , of H‖(t) and next assuming (10) and using relation (19)
whih follows from our earlier assumptions, we get
h11(t)− h22(t) = i
detA(t)
(
∂A21(t)
∂t
A12(t)− ∂A12(t)
∂t
A21(t)
)
. (22)
In [11℄ it was shown, by using relation (22), that this result means that in the
onsidered ase (with CPT onserved) for t > 0 we get the following theorem
h11(t)− h22(t) = 0 ⇔ A12(t)
A21(t)
= const (t > 0). (23)
Thus, for t > 0 the problem under study is redued to the Khaln Theorem (see
relation (20)) [11℄.
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Having notied this, let us now turn our attention to the onlusions follow-
ing from Khaln's Theorem. CP noninvariane requires that |r| 6= 1 [2, 3, 4,
5, 7, 9, 12, 13℄. This means that in this ase the following ondition must be
fullled: r = r(t) 6= const. Consequently, if in the onsidered system property
(10) holds, but at the same time
[CP, H ] 6= 0 (24)
and the unstable states "1" i "2" are onneted by (18), then in this system for
t > 0 [11℄
h11(t)− h22(t) 6= 0. (25)
So, in the exat quantum theory the dierene (h11(t)−h22(t)) annot be equal
to zero with CPT onserved and CP violated.
2 A model: one pole approximation
While desribing the two and three pion deay we are mostly interested in the
|KS〉 and |KL〉 superposition of |K0〉 and |K¯0〉. These states orrespond to the
physial |KS〉 and |KL〉 neutral kaon states [13, 14℄
|KS〉 = p|K0〉+ q|K¯0〉, |KL〉 = p|K0〉 − q|K¯0〉. (26)
Using the spetral formalism we an write an unstable state |λ(t)〉 as
|λ(t)〉 =
∑
q
|q(t)〉ωλ(q), (27)
where |q(t)〉 = e−itH |q〉, vetors |q〉 form a omplete set of eigenvetors of the
hermitian, quantum-mehanial Hamiltonian H and ωλ(q) = 〈q|λ〉. If the on-
tinuous eigenvalue is denoted by m, we an dene the survival amplitude A(t)
(or the transition amplitude in the ase of K0 ↔ K¯0 ) in the following way:
A(t) =
∫
Spec(H)
dm e−imtρ(m), (28)
where the integral extends over the whole spetrum of the Hamiltonian and
density ρ(m) is dened as follows
ρ(m) = |ωλ(m)|2, (29)
where ωλ(m) = 〈m|λ〉.
In aordane with formula (27) the unstable states KS and KL may now
be written as a superposition of the eigenkets
|KS〉 =
∫ ∞
0
dm
∑
α
ωS,α(m)|φα(m)〉; (30)
|KL〉 =
∫ ∞
0
dm
∑
β
ωL,β(m)|φβ(m)〉. (31)
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The Breit-Wigner ansatz [15℄
ρWB(m) =
Γ
2pi
1
(m−m0)2 + Γ24
≡ |ω(m)|2 (32)
leads to the well known exponential deay law whih follows from the survival
amplitude
ABW (t) =
∫ ∞
−∞
dm e−imtρWB(m) = e
−im0te−
1
2
Γ|t|. (33)
(Note that the existene of the ground state indues non-exponential orretions
to the deay law and to the survival amplitude (33)  see [13℄ ). It is therefore
reasonable to assume a suitable form for ωS,β and ωL,β. More speially, we
write [13℄
ωS,β(m) =
√
ΓS
2pi
AS,β(KS → β)
m−mS + iΓS2
, ωL,β(m) =
√
ΓL
2pi
AL,β(KL → β)
m−mL + iΓL2
(34)
where AS,β and AL,β are deay (transition) amplitudes, end thus
ρx,β(m) =
Γx
2pi
(Ax,β(Kx → β))2
(m−mx)2 + (Γx)24
, (35)
where x = L, S.
In the one-pole approximation (34) AK0K0(t) an be onveniently written
as
AK0K0(t) = AK¯0K¯0(t) =
= − 1
2pi
{
e−imSt
(
−
∫ −mS
γS
0
dy
e−iγSty
y2 + 1
+
∫ ∞
0
dy
e−iγSty
y2 + 1
)
+
+e−imLt
(
−
∫ −mL
γL
0
dy
e−iγLty
y2 + 1
+
∫ ∞
0
dy
e−iγLty
y2 + 1
)}
. (36)
Colleting only exponential terms in (36) one obtains an expression analogous
to the WW approximation
AK0K0(t) = AK¯0K¯0(t) =
1
2
(
e−imSte−γSt + e−imLte−γLt
)
+NK0K0(t). (37)
Here NK0K0(t) denotes all non-osillatory terms present in the integral (36).
3 Diagonal matrix elements of the eetive
Hamiltonian
Using the deomposition of type (37) and the one-pole ansatz (34), we nd the
dierene (25), whih is now formulated for the K0 − K¯0 system. Here it has
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the following form:
h11(t)− h22(t) = X(t)
Y (t)
, (38)
where
X(t) = i
(
∂AK¯0K0(t)
∂t
AK0K¯0(t)−
∂AK0K¯0(t)
∂t
AK¯0K0(t)
)
(39)
and
Y (t) = AK0K0(t)AK¯0K¯0(t)−AK0K¯0(t)AK¯0K0(t). (40)
Using the above mentioned spetral formulae in the one - pole approximation
(34) we get AK0K¯0(t) and AK¯0K0(t)
AK0K¯0(t) =
1 + pi
8pip∗q
{
e−imSte−γSt
[
1 +
+
√
γSγL
γS
(
−2 i γSCI +D′I − F ′I
)]
+
+e−imLte−γLt
[
−1 +
+
√
γSγL
γL
(
2 i γLCI −D′I + F ′I
)]}
+
+NK0K¯0(t) (41)
and
AK¯0K0(t) =
1 + pi
8pipq∗
{
e−imSte−γSt
[
1 +
+
√
γSγL
γS
(
2 i γSCI −D′I + F ′I
)]
+
+e−imLte−γLt
[
−1 +
+
√
γSγL
γL
(
−2 i γLCI +D′I − F ′I
)]}
+
+NK¯0K0(t), (42)
where NK0K¯0(t), NK¯0K0(t) denotes all non-osillatory terms and CI , D
′
I , F
′
I are
dened in [13℄.
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Using the expression for the derivative of Ei we an nd the derivatives
whih will be neessary for the following alulations
∂AK0K¯0 (t)
∂t
and
∂AK¯0K0 (t)
∂t
:
∂AK0K¯0(t)
∂t
=
1 + pi
8pip∗q
{
e−imSte−γSt
[
−imS − γS +
+
√
γSγL
(
2iγSCI −D′I + F ′I
)]
+
+e−imLte−γLt
[
imL − γL +
+
√
γSγL
(
−2iγLCI +D′I − F ′I
)]}
+
+∆NK0K¯0(t) (43)
and
∂AK¯0K0(t)
∂t
=
1 + pi
8pipq∗
{
e−imSte−γSt
[
−imS − γS +
+
√
γSγL
(
−2iγSCI +D′I − F ′I
)]
+
+e−imLte−γLt
[
imL − γL +
+
√
γSγL
(
2iγLCI −D′I + F ′I
)]}
+
+∆NK¯0K0(t), (44)
where ∆NK0K¯0(t), ∆NK¯0K0(t) denotes all non-osillatory terms.
The states |KL〉 and |KS〉 are superpositions of |K0〉 and |K¯0〉. The lifetimes
of partiles |KL〉 and |KS〉 may be denoted by τL and τS , respetively, τL =
1
γL
= 5, 183 · 10−8s being muh longer than τS = 1γS = 0, 8923 · 10−10s.
Below we alulate the dierene (38) for t ∼ τL
h11(t ∼ τL)− h22(t ∼ τL) = X(t ∼ τL)
Y (t ∼ τL) . (45)
If we only onsider the long living states |KL〉 we may drop all the terms on-
taining e−γSt|t∼τL as they are negligible in omparison with elements involving
the fator e−γLt|t∼τL . We also drop all the non-osillatory terms NK0K0(t),
NK¯0K0(t), NK0K¯0(t) present in AK0K0(t), AK¯0K0(t) and AK0K¯0(t), that is in
integrals (36), (41) and (42), beause they are extremally small in the region of
time t ∼ τL [13, 16, 17℄. Similarly, beause of the properties of the exponen-
tial integral funtion Ei, we an drop terms like ∆NK¯0K0 and ∆NK0K¯0 present
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in
∂AK¯0K0
∂t
(43) and
∂AK0K¯0
∂t
(44).This onlusion follows from the asymptoti
properties of the exponential integral funtion Ei and the fat that ∆NK¯0K0 ,
∆NK0K¯0 only ontain expressions proportional to Ei.
We may now alulate the produts AK0K0(t)AK¯0K¯0(t), AK0K¯0(t)AK¯0K0(t),
∂AK¯0K0
∂t
(t)AK0K¯0(t),
∂AK0K¯0
∂t
(t)AK¯0K0(t), whih, after using the above men-
tioned properties ofNK0K0(t), ∆NK0K0(t) and performing some algebrai trans-
formations, leads to the following form of the dierene (45):
h11(t ∼ τL)− h22(t ∼ τL)) =
(
2pi2
√
γSγL
pi2 + 2pi + 1
)
· Z
W
6= 0, (46)
where
Z = 4|p|2|q|2 − pi
2 + 2pi + 1
4pi2
[
1 +
+γS
(
4γLC
2
I +
1
γL
(−D′2I − F
′2
I + 4D
′
IF
′
I) +
+4iCI(D
′
I − F
′
I)
)]
6= 0 (47)
W = 2
(
−CImL +D
′
I − F
′
I
)
+
+i
[
−4CIγL + mL
γL
(
−D′I + F
′
I
)]
6= 0. (48)
4 Final remarks
• Our results presented in the present poster have shown that in a CPT
invariant and CP noninvariant system in the ase of the exatly solvable
one-pole model, the diagonal matrix elements do not have to be equal. In
the general ase the diagonal elements depend on time and their dier-
ene, for example at t ∼ τL, is dierent from zero. Z and W in (46) are
dierent from zero, so the dierene (h11(t)− h22(t))|t∼τL 6= 0. From this
observation a onlusion of major importane an be drawn, namely that
the measurement of the mass dierene (mK0 −mK¯0) should not be used
while designing CPT invariane tests. This runs ounter to the general
onlusions following from the Lee, Oehme and Yang theory.
• A detailed analysis of hjk(t), (j, k = 1, 2) shows that the non-osillatory
elements Nα,β(t),∆Nα,β(t) (where α, β = K
0,K
0
) is the soure of the
non-zero dierene (h11(t) − h22(t)) in the model onsidered. It is not
diult to verify that dropping all the terms of Nα,β(t),∆Nα,β(t) type
8
in the formula for (h11(t) − h22(t)) gives (hosc11 (t) − hosc22 (t)) = 0, where
hoscjj (t), (j = 1, 2), stands for hjj(t) without the non-osillatory terms.
• The result (h11(t)−h22(t)) 6= 0 seems to be very important as it has been
obtained within the exatly solvable one-pole model based on the Breit-
Wigner ansatz, i.e. the same model as used by Lee, Oehme and Yang.
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